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Homework Problems for Chapter 2

NB! If a problem does not ask you to use Matlab, then you should not use Matlab. You may
use Matlab as a fancy calculator.

Problem 1

Consider the polynomial interpolation for the following data points

x -2 0 1 2

y -5 1 1 7

(a). Write down the linear system in matrix form for solving the coefficients ai (i = 0, · · · , n)
of the polynomial pn(x).

(b). Use the Lagrange interpolation process to obtain a polynomial to approximate these data
points (simplify your answer).

Problem 2

(a). Use the Lagrange interpolation process to obtain a polynomial of least degree that assumes
these values:

x 0 2 3 4

y 7 11 28 63

(b). For the points in the Table of (a), find the Newton’s form of the interpolating polynomial.
Show that the two polynomials obtained are identical, although their forms may differ.

(c). The polynomial p(x) = x4 − x3 + x2 − x+ 1 has the values shown.

x -2 -1 0 1 2 3

p(x) 31 5 1 1 11 61

Find a polynomial q(x) that takes these values (you don’t need expand it):

x -2 -1 0 1 2 3

q(x) 31 5 1 1 11 30

(Hint: This can be done with little work. Try the Lagrange form.)

Problem 3: A Study on Polynomial Interpolation in Matlab

The goal of this exercise is to get more familiar with Matlab.

The target problem: Find the interpolating polynomial

p4(x) = a4x
4 + a3x

3 + a2x
2 + a1x+ a0 (1)

that interpolates the following data points:

xi − 2 − 1 1 2 3

yi − 3 2 0 5 22
(2)
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Preparations:

a) Show that the coefficients to the interpolating polynomial (1) can be found by solving
1 −2 4 −8 16
1 −1 1 −1 1
1 1 1 1 1
1 2 4 8 16
1 3 9 27 81



a0
a1
a2
a3
a4

 =


−3
2
0
5
22

 (3)

b) Read through Ch.3 “Programming in Matlab” in “A Practical Introduction to Matlab” by
Gockenbach, at the web

http://www.math.mtu.edu/~msgocken/intro/intro.pdf

Linear equations
Solve the system of linear equations (3) using Matlab. The interpolating polynomial should be

p4(x) = 0.000x4 + 1.000x3 + 0.000x2 − 2.000x+ 1.000

with 3 digits of accuracy for the coefficients.

Simple plots
Plot the interpolating points and the interpolating polynomial. In addition to the function plot

try also:
grid on/off: add or remove a grid on the plot.
xlabel(’text’): put text under x-axis.
ylabel(’text’): put text next to y-axis.
title(’text’): put text above the plot.

Helpdesk. If you want to find out what Matlab has to offer in connection with polynomials,
you may type in the command:

lookfor polynomial

and see what pops up. Check out how to use the functions polyfit and polyval. For example,
help polyfit, would give you the following information:

POLYFIT Fit polynomial to data.

POLYFIT(X,Y,N) finds the coefficients of a polynomial P(X) of

degree N that fits the data, P(X(I))~=Y(I), in a least-squares

sense. ...

Here X is a vector with the x-values, and Y is a vector with y values from the table in (2) in our
example. N is the order of the polynomial, and in our case we use N = 4. The function returns
a vector with the coefficients of the polynomial.
Use these functions polyfit and polyval to compute and plot the interpolating polynomial for
table (2).
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Problem 4

Let the function f(x) be three times differentiable. Consider the finite difference approximation
formula

f ′(x) ≈ Dh(x) =
1

2h
[−3f(x) + 4f(x+ h)− f(x+ 2h)] . (4)

Note that this scheme uses values of f at the three points x, x + h, x + 2h. This is a one-sided
finite difference.

(a). Using Taylor series, show that the local truncation error is bounded by Ch2 for some
constant C, i.e. ∣∣f ′(x)−Dh(x)

∣∣ ≤ Ch2.
(b)*. (bonus extra credit) We now sharpen the error estimate in (a). Show that the local
truncation error is∣∣f ′(x)−Dh(x)

∣∣ =
1

3
h2f ′′′(ξ), for some ξ ∈ [x, x+ 2h].

(Hints: Consider the polynomial that interpolates the function f at the following 3 points:
x, x+ h, x+ 2h.)

(c). Now set f(x) = tanx. Use the formula in (4) to approximate the derivative f ′(x) at
x = 1.0, choosing h = 0.1, then h = 0.01 and h = 0.001. Compare with the exact value to get
the errors. Comment on your results. Are these errors consistent with the error estimate in (a)?

(d). Use Matlab to compute the approximation of the derivative of tanx at x = 1.0, with the
formula in (4), with smaller and smaller values of h. Plot the error e as a function of h, use log
scale (see Matlab command loglog). How did you expect the error to behave? How does the
actual error behave? For what h value do you get the best result? What do you think is the
cause of this behavior?
What to hand in for part (d): Hand in the Matlab script file, the relevant output of your
code, the plots of errors, and your comments.

Problem 5: Newton’s Divided Difference in Matlab.

(a). Write two functions in Matlab. The first function, called divdiff, should read in two
vectors x and y, and return a table (a matrix) of the divided difference values. This means, the
first few lines of your divdiff.m file should be:

function a=divdiff(x,y)

% input: x,y: the data set to be interpolated

% output: a: table for Newton’s divided differences.

The second function, called polyvalue, should read in the table of divided difference values
generated by the function divdiff, the x-vector, and a vector t. The output of the function are
the values of Newton’s polynomial computed at points given in the vector t. This means, your
file polyvalue.m should start with the following few lines:
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function v=polyvalue(a,x,t)

% input: a= Newton’s divided differences

% x= the points for the data set to interpolate,

% same as in divdiff.

% t= the points where the polynomial should be evaluated

% output: v= value of polynomial at the points in t

What to hand in: Hand in the files divdiff.m and polyvalue.m.

(b). Here you can test your Matlab functions in (a). Using 21 equally spaced nodes on the
interval [−5, 5], find the interpolating polynomial p of degree 20 for the function f(x) = (x2+1)−1.
Plot the functions f(x) and p(x) together at at least 201 equally spaced points (you may use
more points if you like), including the nodes. Plot also the error e(x) = |f(x)− p(x)|. Why does
this work so poorly? Write your comments.
What to hand in: Hand in your Matlab script file, and the plots of f(x) with p(x), and the
error, and your comments.

(c). With the same problems in (b), now we use the Chebyshev nodes of Type I and Type II:

Type I: xi = 5 cos(iπ/20) , 0 ≤ i ≤ 20 ,

Type II: xi = 5 cos[(2i+ 1)π/42] , 0 ≤ i ≤ 20 .

Find the interpolating polynomial p(x) for each Type, and plot f(x) with p(x) for both Types,
and the errors e(x) = |f(x) − p(x)| as well. Do these nodes work better than uniform nodes?
Give your comments.
What to hand in: Hand in your Matlab script file, and the plots of f(x) with p(x), and the
error, and your comments.
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